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Abstract. In this paper, we study several dynamical properties of the 
transversely holomorphic flows £ on a closed 3-manifold M with a cer- 
tain cohomology condition H (M, 0)^0. For such a flow, we prove the 
nonhyperbolicity, nonshadowability and non-expansivity of M, and find 
the detailed description of recurrence points, tj-limit sets and attractors 
on M. 



1. Introduction 

Let XL be a 1-dimensional foliation on an oriented closed connected 3- 
manifold M. £ is transversely holomorphic if the induced holonomy pseu- 
dogroup is given by biholomorphisms between open sets of C (Definition 
12.71 cf. [3J pp.126]). We say that £ is riemannian if there is a riemannian 
metric on the normal bundle in the sense of Carriere (ref . Definition 12. 6|) . 
In [4] and [14], Brunella and Ghys classifies the transversely holomorphic 
flows on closed 3-manifolds in detail. Specifically when some cohomological 
condition, say H 2 (M, 0) ^ for the sheaf of germs of functions constant 
along the leaves and holomorphic in the transverse direction, is satisfied, 
Ghys shows that the transversely holomorphic flows are riemannian. In [7], 
Carriere classifies all the riemannian flows on closed 3-manifolds. Ghys' 
idea in [14] uses the harmonic transition data of M which is developed by 
Brunella in [4]. The transition function of M becomes harmonic in the flow 
direction and holomorphic in the transverse direction, so that one finds the 
harmonic conjugate. The upshot in the proof of [13], although the holo- 
morphic transition data by adding the harmonic conjugate do not satisfy 
the cocycle condition, is that the Kahler geometric techniques around DeR- 
ham complex, Dolbeault's theorem, Kodaira-Serre's duality and so on are 
still applicable. Meanwhile, in the case of H 2 (M,Q) = 0, Brunella shows 
that the extended transition forms a cocycle, hence a complex surface. Due 
to the induced non-degenerate flow, the Kodaira-Enrique classification as 
well as Inoue's theorem applies to the complex surface ([3] [16]). In case of 
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H 2 (M,0) / 0, by Ghy's theorem, one can obtain a metric on the normal 
bundle of £ which satisfies a certain rigidity of the distance along the flow 
direction. We call this metric as Ghys' metric. Because of the rigity with 
respect to Ghys' metric (hence, with respect to an arbitrary metric), we 
obtain the following theorem immediately. 

Theorem (Nonhyperbolicity theorem) Let L be a transversely holomor- 
phic foliation on an oriented closed connected 3-manifold M . Assume that 
H 2 (M,0) 7^ where denotes the sheaf of germs of functions which are 
constant along the leaves and holomorphic in the transverse direction. Then, 
M is nonhyperbolic for the 1 -parameter foliation £ with respect to any met- 
ric. 

We will explain a motivation of the theorem. In the study of dynami- 
cal systems, numerical simulations generally provide us with approximated 
data of orbits(or pseudo-orbits) rather than actual orbits of the system. 
To understand such simulations as tracers of orbits of the dynamical sys- 
tems, we have to make sure that sufficiently precise computations produce 
pseudo-orbits which are followed(or shadowed) by true orbits. This prop- 
erty is called the shadowing propertyipx pseudo-orbit tracing property). The 
shadowing property, as an observer of orbit behaviors, holds a fundamental 
importance in the general theory of dynamical systems, especially in the ap- 
plications to dynamical systems. In discrete dynamics (or cascade), a basic 
set of every hyperbolic dynamical system displays the shadowing property, 
as shown by Anosov[2]. There is a general belief of "equivalence" between 
shadowing property and hyperbolicity since they are so closely related. This 
equivalence is, of course, not always true. Indeed, there are some examples 
of systems which are not hyperbolic, but nonetheless exhibit the shadowing 
property [ST]. However, it is reasonable to expect that, in most systems, em- 
pirically, the shadowing property and hyperbolicity are indeed equivalent. 
The notions of attractors and cj-limit sets play an important role to under- 
stand the structure of the dynamical system. Due to the nonhyperbolicity 
theorem and the classification by Ghys and Carriere, we are able to obtain 
the concrete results about these dynamical notions. Furthermore, Carriere 
classifies the riemannian flows in detail, we can obtain the very detailed 
description of them as follows. For the precise and full statements, see the 
corresponding theorems and corollaries in §4— §5. 

Corollary 14.61 (expansivity and shadowability) M does not satisfy the 
shadowing property and the expansivity. 

Theorem 14.71 (recurrence) Every point of M is a recurrence point. 

Theorem 15.21 (w-limit) The uo-limit set is diffeomorphic to either a circle 
S 1 or a 2-dimensional torus T 2 or M. 
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Theorem 15.31 (attractors). The attractors are empty. 

Acknowledgement. Some part of the paper is delivered by the second author 
as talks in 2008 International Workshop on Dynamical Systems and Related 
Topics at CNU in Korea. We wish to thank the organizers, especially Prof. 
Keonhee Lee|10j. 

2. Definition and Notation 

In this section, we introduce some basic definitions and notions. 

Definition 2.1. Let X be a finite dimensional smooth manifold and / : 
X — > X a diffeomorphism. We say that X has a hyperbolic structure with 
respect to / if there is a riemannian metric and a continuous splitting of 
TX into the direct sum of T/-invariant subbundles E s and E u such that 
for some constants A and < A < 1 and for all v € E s , w £ E u and n > 0, 

(2.1) || Tf n (v) \\< AX n || v ||, || Tf- n (w) ||< AX n |[ w \\, 

where || ■ || is a norm induced by the riemannian metric. Thus one may 
say that Tf is eventually contracting on E s and eventually expanding on 
E u . 

Definition 2.2. A hyperbolic subset of X with respect to / is a closed 
invariant subset of X that has a hyperbolic structure. 

Definition 2.3. Let $ be a flow on Hausdorff topological space X and 
q € X. We define the uj -limit set and a-limit set of q by 

uj(q) = {x £ M : x = lim tp tn {q) for some sequence t n —> co as n — > ooj, 

n^oo 

a(q) = {x £ M : x = lim (f~ tn (q) for some sequence t n — > oo as n — > oo}. 

n^oo 

There are several useful and natural relations between continuous-time 
and discrete-time dynamical systems. We consider only the construction 
for passing from a flow to a map. The most obvious way to associate a 
discrete-time system to a flow {(//} ig K is to take the iterations of the map 
ip to for some value of to, say, to = 1. Another more local but also more useful 
method is the construction of the Poincare(first-return) map. 

Definition 2.4. Let ip l be a flow on a Hausdorff topological space X. A 
point x G X is uj -recurrent or positively recurrent with respect to (p l if 
x E lo(x) and is a-recurrent or negatively recurrent with respect to (p l if 
x £ a(x). A point x E A is (Poincare) recurrent with respect to (p if x is 
positively recurrent and negatively recurrent with respect to (p 



4 



Jaeyoo Choy, Hahng-Yun Chu 



Now our study restricts on an oriented closed 3-manifold M. Let £ be a 
nondegenerate 1-dimensional foliation on M; £ is a smooth section of the 
tangent bundle Tj^X such that the image does not intersect the zero-section; 
alternatively (via the leaf approach), £:txM^Afisa smooth function 
and for every m € M, the derivation of £(m, •) does not vanish. 

Remark 2.5. Note £ induces ([/$, /i,7y) satisfying 

(1) Ui forms an open cover of M; 

(2) each /j is a submersion from U{ to some open subset T of M?; 

(3) 7ij is a local diffeomorphism of T such that for every x £ Ui (lUj, 
fi(x) = Jij o fj(x) 

by transform along the flow. 

Let T be the pseudo-group generated by the local diffeomorphisms 7^ on 

T. 

Definition 2.6. We say £ is riemannian if there exists a riemannian metric 
g on T invariant under T. 

We observe that there exists a metric on the normal bundle of £ by pull- 
back of g. 

Definition 2.7. Let £ be a 1-dimensional foliation on an oriented closed 
connected 3-manifold M. £ is transversely holomorphic if it is nondegen- 
erate and the induced holonomy pseudogroup is given by biholomorphisms 
between open sets of C (cf. pp.126 |i4j). Indeed, the parallel transform along 
the flow induces a local transform on T. 

By the above definition, if the transversely holomorphic 1-dimensional 
foliation £ is riemannian, we may say that there is a riemannian metric on 
the normal bundle (which is holonomy-invariant). 

3. NONHYPERBOLICITY OF TRANSVERSELY HOLOMORPHIC FLOWS 

We show the nonhyperbolicity of tranversely holomorphic flows £ on 
closed 3-manifolds. It essentially follows from the isometric property of 
£, as we will see. 

Theorem 3.1. (Nonhyperbolicity theorem (holonomy version)) Let £ be a 
transversely holomorphic foliation on an oriented closed connected 3-manifold 
M. If £ is riemannian, then there is a (local) surface (of real dimension 2) 
such that the Poincare map on the surface is nonhyperbolic with respect to 
a riemannian metric. 

Proof. Since every flow on a compact manifold has a nonempty recurrent 
set, there exists a recurrent point p of M for the 1-parameter foliation (ref. 
[U pp.101]). Let U be a neighborhood of p in M. From the definition of 
the recurrence, there exists some part of the flow from p is contained in U. 
Observe that the flow along the leaves are constant in the neighborhood U 
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of p, equivalently U, after shrinking if necessary, canonically diffeomorphic 
to the product of an open subset of C and an open subset of R. Let us 
denote by S the image of the open subset C. By the recurrence property, 
the Poincare map is well-defined on S. Let / be a Poincare map which is 
induced by £ on S. 

Suppose that S has the hyperbolic structure with respect to /. Then 
there exists a continuous splitting of TX into the direct sum of T/-invariant 
subbundles E s and E u satisfying the inequality (12. ip . Then we can choose a 
nonzero vector v in E s (p). By the hyperbolicity assumption, there exists a 
positive integer N such that || Tf n (v) ||< i || v ||, for every n > N. However, 
since £ is riemannian, there is a riemannian metric on the normal bundle 
which is holonomy-invariant. And a leaf L p of the transversely holomorphic 
foliation L passing through p is invariant under the holonomy. So we can 
say that the Poincare mapping / preserves the riemannian metric which is 
come from the definition. Therefore, since the Poincare mapping / on S is 
an isometry, the difference between || Tf n (v) || and || v || is zero. This is a 
contradiction which completes the proof of the theorem. □ 

Theorem 3.2 (Ghys' theorem [GhJ). Let L be a transversely holomorphic 
foliation on an oriented closed connected 3-manifold M. If H 2 (M, ^ ; 
then L is riemannian. 

Before stating the following theorem, we precisely recall the definition 
of the hyperbolic set for a diffeomorphism. In the definition of hyperbolic 
set in a smooth manifold, it is necessary the existence of some riemannian 
metric. However, in the case of a compact set for the diffeomorphism, if the 
inequility (|2.ip holds for some riemannian metric, then it also holds for all the 
riemannian metrics. Therefore, hereafter, since we can grant the definition 
of a hyperbolic set which is not dependent of the riemannian metric, we 
need not consider the metric any more. Hence, under the assumption of the 
compactness, we can obtain the Nonhyperbolicity theorem of sheaf version. 

Theorem 3.3 (Nonhyperbolicity theorem (sheaf version)). Let H be a trans- 
versely holomorphic foliation on an oriented closed connected 3-manifold M . 
If H 2 (M, ■#) ^ 0, then there is a (local) surface (of real dimension 2) such 
that the Poincare map on the surface is nonhyperbolic with respect to any 
riemannian metric. 

Remark 3.4. Consider any flow on a closed manifold of dimension n. Then, 
the existence theorem of recurrence points[U pp.101] guarantees the Poincare 
map is well-defined around each recurrence point. If the flow is riemannian, 
then the Poincare map is an isometry. Indeed, around any point p of the base 
manifold, there exists an open neighborhood U p diffeomorphic to U\ x £/ n _i 
where U\,U n -i are open balls of R 1 ,!^ -1 respectively, as metric spaces. 
Thus, the transform along the flow is the transform along Ci-direction. 
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Definition 3.5. Let M be a smooth manifold, p:RxM->Ma smooth 
flow. A compact tp* invariant set A C M is a hyperbolic set for the flow ip l if 
there is a Riemannian metric on an open neighborhood U of A and positive 
real numbers A < 1 < \i such that there exists a decomposition T X M = 
E° X ®E+ E~ such that ^ =0 ^*(x) G £°\{0}, dim££ = i ; Dip l E± = E±, 
and 

(3.1) \\D<P%- ll<A 4 , ||£>^U+ ||<M" f - 

(cf. pp.545 [H] and pp.150 [20]). 

Let us give a metric of M provided M admits a riemannian flow £, as 
follows. Along ^-direction, we give a canonical metric by time; as a 1- 
dimensional vector field, at any point m G M, £ m determines a unit vector 
in the tangent space. Since we have a metric in the normal direction of £, 
we have a metric on M by taking direct sum. 

Theorem 3.6. Let £ be a transversely holomorphic foliation on an oriented 
closed connected 3-manifold M. If X is riemannian, then M is nonhyperbolic 
for the 1-parameter foliation L with respect to a riemannian metric. 

Proof. Let A = M in Definition 13.51 Then, as observed in Remark 13.41 (or 
in the proof of Theorem 13. ip . M cannot be hyperbolic. □ 
As in the case of the compact set for the diffeomorphism, if the inequility 
(|3.ip for the flow on the compact set holds for a riemannian metric, then it 
also holds for any other riemannian metrics. I.e., in the flow case, we can 
also give an equivalent definition of hyperbolic set regardless of the choice of 
a metric. Consequently, we obtain the following Nonhyperbolicity theorem 
which is regarded as a general version. 

Theorem 3.7 (Nonhyperbolicity theorem). Let L be a transversely holo- 
morphic foliation on an oriented closed connected 3-manifold M . Assume 
that H 2 (M,0) where denotes the sheaf of germs of functions which 
are constant along the leaves and holomorphic in the transverse direction. 
Then, M is nonhyperbolic for the 1-parameter foliation £ with respect to 
any riemannian metric. 

Proof. From Ghys' theorem, Theorem 13.61 and the above statements, we can 
obtain directly the nonhyperbolicity of the whole manifold M. □ 

4. Shadowing, Recurrence and Expansive properties 

As we observed in the proof in §2, the proof of Ghys' theorem asserts 
that with regard to Ghys' metric, the Poincare mapping is a isometry near 
a recurrence point. In fact, thanks to the classification of Carriere, we are 
able to conclude that every point of M is a recurrence point (ref. [7]). 

Definition 4.1. A sequence of points {x{ : a < i < b} of a metric space X 
with metric d is called a 5-pseudo orbit of / if d{f{xi),Xi + \) for i G (a, b — 1). 
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Definition 4.2. Given e > a 5-pseudo orbit X{ is said to be e-traced by a 
point x G X if d(f l (x),Xi) for i G (o.,b). 

Definition 4.3. We say that / has the shadowing property (pseudo orbit 
tracing property) if for every e > there exists 5 > such that every <5- 
pseudo orbit of / can be e-traced by some point of X. 

For compact metric spaces this shadowing property is independent of 
the compatible metrics used. And here is another important property of 
dynamical systems. 

Definition 4.4. A homeomorphism / : X — » X is expansive if there is a 
constant e > satisfying if x, y G X with x ^ y then there exists an integer 
n such that d(f n (x), f n (y)) > e. Such a constant e is called an expansive 
constant for /. 

In this case of the definition, whenever X is compact, the property does 
not depend on the choice of metrics for X. 

Lemma 4.5. Every nontrivial isometry for a manifold of dimension > 1 
has neither shadowing property nor expansivity. 

Proof. The proof that a nontrivial isometry has no expansivity property is 
obvious by the definition. And for the shadowing property we leave it as an 
easy exercise(See [U pp.114]). □ 

The above discussion yields the following corollary. 

Corollary 4.6. The surface in the nonhyperbolicity theorem (holonomy ver- 
sion ) has neither shadowing property nor expansivity for the Poincare map- 
ping. 

Proof. From the proof of Theorem I3.1|, the induced Poincare mapping is an 
isometry. Then by the above lemma, the Poincare mapping has neither the 
shadowing property nor expansivity. □ 

From now on, we intend to another supplement Nonhyperbolicity theo- 
rem; by virtue of Carriere's classification [7], one may study the transversely 
holomorphic flows on a closed 3-manifold with the concrete examples. More- 
over using the classification of flows, we obtain the result about the notion 
of recurrence. The following is the recurrence theorem of transversely holo- 
morphic foliation. 

Theorem 4.7 (Recurrence theorem). Let L be a transversely holomorphic 
foliation on an oriented closed connected 3-manifold M. If H 2 (M, i?) ^ 0, 
then every point of M is a recurrence point. 

Proof. The transversely holomorphic flows L on oriented closed 3-manifolds 
are one of the following[7j: 
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(1) (all the orbits are dense) M is a 3-torus T 3 and XL is a linear flow 
with an irrational slope on T 3 ; 

(2) (all the orbits are not closed nor dense) there are 2 cases: 

(a) M is a product of holomorphic 2-torus and 1-torus (i.e. circle) 
T 2 x S 1 and XL is the pull-back of a linear flow with an irrational 
slope on T 2 . 

(b) M is T\ where T\ is the quotient space of T 2 x R by (m, t) ~ 
(.A(m), t + 1) for some A S 6X2(2) with a positive trace and two 
positive distinct eigenvalues. XL is the quotient flow of eigenvec- 
tor direction associated to the larger eigenvalue. 

(3) (two orbits are closed) there are 2 cases: 

(a) M is a lenz space L p<q . By the construction, L Pj(? is the quotient 
of the 3-sphere 

S 3 = {( Zl ,z 2 ) eC 2 | \ Zl \ 2 + \z 2 \ 2 = 1} 

by the action (z\,Z2) >— > (e * £i , e « 02) f° r P,9 £ ^ XL is the 
quotient flow on S 3 written as 

where A and /x have an irrational ratio, and t is the time- 
parameter. 

(b) M is S 2 x S 1 and XL is a suspension flow of an irrational rotation 
of S 2 . 

(4) (all the orbits are closed) M is a Seifert fibration, i.e. an 5 1 -fibration. 
XL is the flow in the fibre direction. 

Therefore, in case (1), every point of M is a recurrence point since any 
orbit of XL is dense in M. 

For the cases (2) (a) and (2)(b), the same reason applies. Indeed, every 
orbit closure is the T 2 -fibre. 

For (3) (a), when a point is picked from 

T k = {(z 1 ,z 2 ) SS 3 | \ Zl \ 2 = k, \z 2 \ 2 = l-k} 

where < k < 1, the orbit closure is Tf. which is diffeomorphic to T 2 . 
Therefore, it is a recurrence point. In case of k = 0, 1, the corresponding 
orbits are closed, thus the points on them are recurrence points. In case 
of (3)(b), other than the two closed orbits (the north and the south pole 
xS* 1 ), the closure of the orbit is diffeomorphic to T 2 . Hence, every point is 
a recurrence point. 

In case of (4), automatically all the points are recurrence points because 
all the orbits are closed. □ 

5. CJ-LIMIT SETS AND ATTRACTORS 

In this section, we study some other dynamical properties, w-limit sets and 
attractors (Definition 12. 3j) . An important part of the study of a Dynamical 
system is to understand the structures of the attractors and w-limit sets of 
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the dynamical system. As applications of Dynamical system above concepts 
also have played an important role in the field with the useful properties. In 
1978, Conley[13] has defined an attractor. Even before Conley's definition, 
many other definitions of attractor can be found in several papers (see, for 
reference, |19j). Now we define an attractor, this is a slight (and natural) 
modification of the definiton of Conley, as follows. 

Definition 5.1. Let (X, d) be a metric space, and (/>* be a continuous flow on 
X. A nonempty open subset U of X is an attractor block for (p t if (ffiU) C U 
for every t > 0. A proper subset A of X is called an attractor for if there 
exists an attractor block U satisfying 

A = n t > nu). 

In our definition, we exclude an unnecessarily large attractor by adding 
the condition of property. The properties of the w-limit set and attrac- 
tor has been investigated in many papers. For the references, please see 
[9|[19j|12j[17j. In recent years, Jimenez Lopez-Llibre |17] obtain some re- 
sult of the shape of the explicit cj-limit sets for analytic flows on the plane 
(up to homeomorphisms). Using the work, we have concretely characterized 
attractors for analytic flows on R 2 in [9]. 

Theorem 5.2. Let L be a transversely holomorphic foliation on an oriented 
closed connected 3-manifold M. If L is riemannian (or H 2 (M, 0) ^ 0), the 
co-limit sets are diffeomorphic to either S 1 or T 2 or M. 

Proof. We use Carriere's classification as in the proof of Theorem 14.71 
In the case of (1) (i.e. a linear flow on M = T 3 with an irrational slope), 

since all the orbits are dense, any w-limit set is M. 

In the case of (2) (a) (i.e. M = T 2 x S 1 and the flow is a linear flow in 

T 2 -fibres with an irrational slope), by the same reason as above, any u-limit 

set is a T 2 -fibre. 

In the case of (2)(b) (i.e. M = the hyperbolic quotient of T 2 x R and the 
flow is the descent on the quotient of the flow along the eigenvector-direction 
with the eigenvalue> 1), since each T 2 -fibre is the w-limit set of the flow on 
T 2 x R, so is on M. 

In the case of (3) (a), as analyzed in the proof of Theorem 14.71 the w-limit 
set is either S 1 or T 2 , depending on k = 0, 1 or not. 

In the case of (3)(b) (i.e. M = S 2 x S 1 and £ is suspension flow of an 
irrational rotation of S 2 ), the w-limit set co(q) is either S 1 or T 2 , depending 
on whether q lies on the poles or not. 

In the case of (4) (i.e. the Seifert fibration), obviously the o;-limit set is 
the Si-fibre. □ 

Theorem 5.3. With the assumptions as in Proposition \5.S\ the attractors 
are empty sets. 
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Proof. The similar observation as in the proof of Proposition l5.2l based upon 
Carriere's classification, is undergone. 

In the case of (1) (i.e. a linear flow on M = T 3 with an irrational slope), 
since all the orbits are dense, there cannot exist a nonempty proper set as 
an attractor. 

In the case of (2) (a) (i.e. M = T 2 x S 1 and the flow is a linear flow in 
T 2 -fibres with an irrational slope), any w-limit set is a T 2 -fibre. Thus, if 
there exists an nonempty (proper) attractor A, it should be A = T 2 x B 
where B is a nonempty proper subset of S . If U is an (proper) attractor 
block of A then there exists an open set V C U such that V = T 2 x W 
where W C S 1 is an open subset. Since A = rit>o^>*(i7) by the definition, 
A = r\t>o(p t (V) . However, (ft (V) = V for all t > 0, which is contradiction. 

In the case of (2)(b) (i.e. M = the hyperbolic quotient of T 2 x R and the 
flow is the descent on the quotient of the flow along the eigenvector-direction 
with the eigenvalue> 1), each T 2 -fibre is the w-limit set. By the same reason 
with the case (2) (a), there cannot be a nonempty attractor. 

In the case of (3) (a), as analyzed in the proof of Theorem 14.71 the w-limit 
set is either S 1 or T 2 , depending on k = 0, 1 or not. By the same reason 
with the case (2) (a), there cannot be a nonempty attractor. 

In the case of (3)(b) (i.e. M = S 2 X S 1 and £ is suspension flow of an 
irrational rotation of S 2 ), the o>-limit set oj{q) is either S 1 or T 2 , depending 
on whether q lies on the poles or not. By the same reason with the case (1), 
there cannot be a nonempty attractor. 

In the case of (4) (i.e. the Seifert fibration), obviously the cu-limit set is 
the S' 1 -fibre. By the same reason with the case (2) (a), there cannot be a 
nonempty attractor. □ 

We close the section remarking the remaining possibility of the trans- 
versely holomorphic flows on an oriented closed manifold: H 2 (M,0) = 0. 
In fact, there is a classification of the transversely holomorphic flows by 
Brunella[4j. However, as was pointed out by Brunella[5], the flows need not 
be riemannian; one has to analyze Brunella's classification in detail [TT]. 
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